
Math 301 Homework 2 Due 02/13/04

Part A.

1. Let a and b be nonzero integers. Prove that d = gcd(a, b) if and only if a′ = a/d and
b′ = b/d are relatively prime integers.

2. (a) Use induction to prove that 02 + 12 + 22 + · · ·+ n2 =
n(n + 1)(2n + 1)

6
for every

integer n ≥ 0.

(b) Use induction to prove that 03 + 13 + 23 + · · ·+ n3 =
n2(n + 1)2

4
for every integer

n ≥ 0.

Part B.

1. Prove that gcd(a, bc) = 1 if and only if gcd(a, b) = 1 and gcd(a, c) = 1. Hint: Use
Theorem 0.2 several times. “Only if” part is easier. For the “if” part, express 1 as a
linear combination of a and b, then c as a linear combination of a and b, then 1 as a
linear combination of a and c.

2. (Chinese Remainder Theorem) Let r1, r2 and m1, m2 be nonzero integers such that
gcd(m1,m2) = 1. Prove that there is an integer n such that n ≡ r1 mod m1 and
n ≡ r2 mod m2 simultaneously (in other words, n = m1q1 + r1 for some integer q1

and n = m2q2 + r2 for some integer q2). Hint: Use the fact that gcd(m1, m2) = 1 and
Theorem 0.2 to find an integer n1 such that n1 ≡ 1 mod m1 and n1 ≡ 0 mod m2,
and an integer n2 such that n2 ≡ 0 mod m1 and n2 ≡ 1 mod m2. Then use n1 and
n2 to find n.
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